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Abstract: In this short note we analyze canonical description of T-duality along light-like
isometry. We show that T-duality of relativistic string theory on this background leads to
non-relativistic string theory action on T-dual background.
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1. Introduction and Summary
It is well known that two string theories, one defined on the background with compact
dimension of radius R, and the second one defined on background with compact dimension
of radius R′ = α
′
R
, are equivalent. This duality has its origin in the extended nature of
the string when we can exchange momentum with winding numbers, respectively. The
most powerful description of such a duality is given in terms of Buscher’s rules [1, 2] of
the transformations of the background fields under T-duality. More explicitly, we start
with string sigma model on the background where the background metric possesses one
isometry. Then we gauge this isometry so that this is now local symmetry on the string
world-sheet when we introduce corresponding covariant derivative and two dimensional
gauge field. Since this gauge field has to be non-dynamical in order not to change physical
content of the theory we add to the action term that ensures that the field strength of this
gauge field is zero on shell. As the next step we fix the gauge when we take the world-sheet
mode that parameterizes direction with gauged isometry to be zero. Then we can solve
the flatness of the gauge field by introducing a new scalar mode that parameterizes the
string propagating along dual coordinate where now the background fields are related to
the original ones through Buscher’s rules.
There is an alternative approach to this standard treatment of T-duality which is de-
scription of T-duality with the help of canonical transformations [3, 4]. This procedure
is based on the Hamiltonian form of string in the background that possesses an isometry.
Then we perform specific canonical transformations of the world-sheet mode and its con-
jugate momenta that correspond to coordinate along this isometry. As a result we obtain
a new Hamiltonian for dual theory. Finally we perform inverse Legendre transformations
to T-dual Lagrangian with the background fields again determined by Buscher’s rules.
While this procedure is well established for space-like isometry the case of light-like
isometry is much less known and analyzed. The aim of this short note is to focus on this
problem, inspired by recent analysis of T-duality in the context of non-relativistic string
theories [5, 6], where non-relativistic strings were firstly introduced in seminal papers [7, 8]
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1. In fact, as we will show explicitly in the next section, the canonical analysis of T-duality
for string with light-like isometry leads to T-dual action where the kinetic term for dual
coordinate is missing. Then in order to solve this problem we introduce two auxiliary fields
λ+ and λ− in such a way that the original Lagrangian is quadratic in coordinate that we
dualize. However we still have to ensure that solving equations of motion for λ+, λ− we re-
turn to the original Lagrangian density. When we have an extended Lagrangian density we
can find its Hamiltonian form and then we perform canonical transformation corresponding
T-duality along original light-like coordinate. From this T-dual Hamiltonian we derive cor-
responding Lagrangian density and we find that the background fields transform according
to Buscher’s rules. The most remarkable fact considering T-dual Lagrangian density is
that it is linear in auxiliary fields λ+, λ− that is characteristic property of non-relativistic
string theory action [7, 5, 10]. To see this in more details we solve the equations of mo-
tion for λ+, λ− that imply that Lagrangian density has the form of non-relativistic string
with specific induced world-sheet metric. Clearly for the form of background that was
studied in [5, 6] the non-relativistic string corresponds to string in stringy Newton-Cartan
background.
We mean that this result is very interesting since it shows that string theory on the
background with light-like isometry is T-dual to specific form of non-relativistic string. This
could be very useful for the quantum description of string theory on the background with
light-like isometry, following recent interesting paper [7]. It would be also very interesting
to extend the canonical analysis of T-duality transformation presented in this paper to the
case of Green-Schwarz superstring. We hope to return to this problem in future.
This paper is organized as follows. In the next section (2) we review canonical treat-
ment of T-duality and we show difficulty with its application on the case of string in the
background with light-like isometry. Then in section (3) we perform T-duality transforma-
tion in case of the extended action and we show that it leads to non-relativistic string in
T-dual background.
2. T-duality in Canonical Formalism
In this section we review basic facts about T-duality as a canonical transformations, follow-
ing [3, 4]. Let us be more concrete with the definition of the canonical formalism in case of
the bosonic string. We have two sets of canonical variables: pµ, x
µ where µ, ν = 0, . . . , 25
and their duals: p˜µ, x˜
µ where we demand that both canonical variables give equivalent
equations of motions. In other words we demand that the string action can be written in
two equivalent ways
S =
∫
dτdσ(pµ∂τx
µ −H) =
∫
dτdσ(p˜µ∂τ x˜
µ − H˜) +
∫
dτ
dG
dτ
, (2.1)
where G is generating function of canonical transformations and where we label world-
sheet of the string with two coordinates τ and σ. It is well known that there are four
possible forms of the generating function that differ in dependence on two sets of canonical
1For related works, see for example [9, 10, 11, 12, 13, 14, 15, 16].
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variables. In our case we presume that they depend on original and dual variables, in other
words G = G(x, x˜). We presume that G =
∫
dσG and hence we can write
pµ∂τx
µ −H(xµ, pµ) = p˜µ∂τ x˜µ − H˜(x˜µ, p˜µ) +
∂G
∂τ
+
δG
δxµ
∂τx
µ +
δG
δx˜µ
∂τ x˜
µ (2.2)
so that comparing we obtain relation
pµ =
δG
δxµ
, p˜µ = −
δG
δx˜µ
, H˜(x˜µ, p˜µ) = H(xµ, pµ) +
∂G
∂τ
.
(2.3)
This is general form of canonical transformation for bosonic string. In case of T-duality
transformation we presume that G does not explicitly depend on τ . Further, we perform
canonical transformation with respect to one coordinate, say x25 ≡ y that labels isometry
direction. In this case the generating function has the form [3, 4]
G(y, y˜) =
T
2
∫
dσ(∂σyy˜ − y∂σy˜) , (2.4)
where T = 1
2piα′
is string tension. Let us denote momentum conjugate to y˜ as py˜. Then
from the definition of the canonical transformations we derive following relation between
y˜ and py˜ in the form
py˜ = −
δG
δy˜
= −T∂σy ,
py =
δG
δy
= −T∂σy˜ .
(2.5)
With the help of these relations we obtain dual Hamiltonian when we replace ∂σy with
− 1
T
py˜ and py with −T∂σy. Let us now be more explicit and consider Polyakov string action
in background with light-like isometry along y direction which means that all background
fields do not depend on y explicitly and also that the metric component Gyy is absent.
Then the Lagrangian has the form
L = −T
2
√−γ[γαβ∂αxi∂βxjGij + 2γαβ∂αxiGiy∂βy]−
T
2
ǫαβBµν∂αx
µ∂βx
ν , (2.6)
where ǫαβ = −ǫβα , ǫτσ = 1 and where i, j = 0, . . . , 24. Let us introduce following 1 + 1
parameterization of the world-sheet metric γαβ as
γαβ =
(
−N2 +NσωNσ Nσω
Nσω ω
)
, γαβ =
(
− 1
N2
Nσ
N2
Nσ
N2
1
ω
− NσNσ
N2
)
(2.7)
so that the Lagrangian has the form
L = −T
2
N
√
ω[−∇nxiGij∇nxj + 1
ω
∂σx
i∂σx
jGij − 2∇nxiGiy∇ny + 2
ω
∂σx˜
iGiy∂σy]−
−TBµν∂τxµ∂σxν , ∇n ≡
1
N
(∂τ −Nσ∂σ) .
(2.8)
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From (2.8) we obtain conjugate momenta
pi = T
√
ωGij∇nxj + T
√
ωGiy∇ny − TBiµ∂σxµ , py = T
√
ωGyi∇nxi − TByµ∂σxµ .
pN ≈ 0 , pω ≈ 0 , pNσ ≈ 0 ,
(2.9)
where pN , pω, pNσ are momenta conjugate to N,ω and N
σ, respectively. Then performing
standard analysis we obtain the Hamiltonian density in the form
H = N
2T
√
ω
(
πiG
ijπj + πyG
yyπy + 2πyG
yiπi+
+T 2Gij∂σx
i∂σx
j + 2T 2∂σx
iGiy∂σy
)
+Nσ(pi∂σx
i + py∂σy) ,
(2.10)
where πµ = pµ + TBµν∂σx
ν and where the inverse metric Gµν has following form
Gyy = − 1
GyiG˜ijGjy
, Gyj =
GykG˜
kj
GyiGijGjy
, Gij = G˜ij − GykG˜
kiGylG˜
lj
GyiG˜ijGjy
, (2.11)
where G˜ij is metric inverse to Gij so that G˜
ikGkl = δ
i
l . From (2.10) we also see that
it is convenient to introduce N τ = N
2T
√
ω
so that ω disappears from the Hamiltonian as
expected.
Then following previous general discussion we perform T-duality in (2.10) when
py˜ = −T∂σy , py = −T∂σ y˜ (2.12)
so that
πy = −T∂σ y˜ + TByi∂σxi = −TV , πi = pi + TBij∂σxj + TBiy∂σy = ki −Biypy˜ .
(2.13)
Inserting these results into (2.10) we obtain T-dual Hamiltonian constraint in the form
HTτ = T 2VGyyV− 2T (ki −Biypy˜)GiyV + (ki −Biypy˜)Gij(kj −Bjypy˜) +
+T 2Gij∂σx
i∂σx
j − 2TGiy∂σxipy˜ .
(2.14)
We see that for zero NSNS two form the Hamiltonian constraint is linear in py˜ which
suggests possible difficulties with this theory. This can be also seen even in case of non-
zero Bµν when we determine corresponding Lagrangian. In fact, using (2.14) in the T-dual
Hamiltonian HT =
∫
dσ(N τHTτ + NσHTσ ) where Hσ = pi∂σxi + py˜∂σ y˜ we obtain time
derivatives of xi and y˜ as
∂τx
i =
{
xi,HT
}
= 2N τGij(kj −Bjypy˜)− 2N τTGiyV +Nσ∂σxi ,
∂τ y˜ =
{
y˜,HT
}
= 2N τTBiyG
iyV − 2N τBiyGij(kj −Bjypy˜)− 2N τTGiy∂σxi +Nσ∂σ y˜
(2.15)
– 4 –
and hence we find
Y = −Biy˜Xi − 2N τTGiy˜∂σxi , Y = ∂τ y˜ −Nσ∂σ y˜ , Xi = ∂τxi −Nσ∂σxi
(2.16)
which means that there is no relation between ∂τ y˜ and conjugate momenta. In fact, if we
proceed further we obtain naive T-dual Lagrangian density in the form
LTnaive =
1
4N τ
XiGijX
j + TGiyVGijX
j +
+N τT 2GiyVGijG
jyV −N τT 2VGyyV −N τT 2Gij∂σxi∂σxj − TBij∂τxi∂σxj
(2.17)
and we see that the kinetic term for T-dual variable y˜ is absent which is not satisfactory
result. In the next section we will try to resolve this puzzle by introducing two auxiliary
fields.
3. Extended Lagrangian and T-duality
In order to resolve this puzzle let us introduce an equivalent form of the Lagrangian density
to the original one (2.8). To do this we introduce two auxiliary fields λ+ and λ− and
consider following Lagrangian density
L = −T
2
N
√
ω[−∇nxiGˆij∇nxj +
1
ω
∂σx
i∂σx
jGˆij − 2∇nxiGˆiy∇ny +
2
ω
∂σx
iGˆiy∂σy −
−∇nyGˆyy∇ny +
1
ω
∂σyGˆyy∂σy + λ
+A+ λ−B+ λ+λ−]− TBˆµν∇nxµ∂σxν ,
(3.1)
where now we have to choose A and B in such a way to ensure that Gˆy˜y˜ = 0 after solving
equations of motion for λ+ and λ−. Explicitly, from (3.1) we find their equations of motion
in the form
λ− = −A , λ+ = −B . (3.2)
Inserting these results into (3.1) we obtain that they give following contribution to the
Lagrangian density
λ+A+ λ−B+ λ+λ− = −AB . (3.3)
As the next step we presume that A and B have the form
A = ∇nxiAi +∇nyY+ −
1√
ω
[∂σx
iAi + ∂σyY
+] ,
B = ∇nxiBi +∇nyY− + 1√
ω
[∂σx
iBi + ∂σyY
−] ,
(3.4)
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so that
AB = ∇nxi∇nxjAiBj +∇nxi∇ny(AiY− +Y+Bi) +
+
2√
ω
∇nxi∂σxj(AiBj −AiBj) +
1√
ω
∇nxi∂σy(Y−Ai −Y+Bi) +
+∇ny∇nyY+Y− + 1√
ω
∇ny∂σxi(Y+Bi −Y−Ai)−
− 1
ω
(∂σx
i∂σx
jAiBj + ∂σx
i∂σy(AiY
− +BiY
+) + ∂σy∂σyY
+Y−) .
(3.5)
For simplicity we begin with our analysis with the minimal case when Ai = Bi = 0.
3.1 Minimal Case
First of all we should demand that when we solve the equations of motion for λ+, λ− the
Lagrangian (3.1) with additional contribution given in (3.5) reduces to the original one
with Gyy = 0. This condition implies
Gˆyy +Y
+Y− = 0 (3.6)
that can be solved as Y+ =
√
Gˆyy ,Y
− = −
√
Gˆyy. In this case (3.5) is equal to
AB = [∇ny∇ny −
1
ω
∂σy∂σy]Y
+Y− . (3.7)
Inserting this result into (3.1) and comparing with (2.8) we obtain following relation be-
tween original metric and NSNS two form fields and hatted ones:
Gij = Gˆij , Giy = Gˆiy , Bµν = Bˆµν . (3.8)
Now we return to (3.1) that for Ai = Bi = 0 has the form
L = −T
2
N
√
ω[−∇nxiGˆij∇nxj −∇nyGˆyy∇ny − 2∇nxiGˆiy∇ny +
+
1
ω
∂σx
i∂σx
jGˆij +
2
ω
∂σx
iGˆiy∂σy +
1
ω
∂σyGˆyy∂σy +
+λ+(∇ny −
1√
ω
∂σy)Y
+ + λ−(∇ny +
1√
ω
∂σy)Y
− + λ+λ−]− TBˆµν∇nxµ∂σxν .
(3.9)
As the next step we proceed to the canonical formalism. From Lagrangian density given
above we obtain
pi = T
√
ω[Gˆij∇nxj + Gˆiy∇ny]− TBˆiν∂σxν ,
py = T
√
ω[Gˆyy∇ny + Gˆyi∇nxi − 1
2
λ+Y+ − 1
2
λ−Y−]− TBˆyi∂σxi
pN ≈ 0 , pω ≈ 0 , pNσ ≈ 0
(3.10)
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and hence Hamiltonian density has the form
H = N
2
√
ωT
(
πiGˆ
ijπj + 2πiGˆ
iy(πy +
T
2
√
ωλ+Y+ +
T
2
√
ωλ−Y−)+
+(πy +
T
2
√
ωλ+Y+ +
T
2
√
ωλ−Y−)Gˆyy(πy +
T
2
√
ωλ+Y+ +
T
2
√
ωλ−Y−)
)
+
+
TN
2
√
ω
∂σx
iGˆij∂σx
j +
TN√
ω
∂σx
iGˆij∂σy +
TN
2
√
ω
∂σyGˆyy∂σy −
−TN
2
λ+∂σyY
+ +
TN
2
λ−∂σyY
− +
T
2
N
√
ωλ+λ− +NσHσ .
(3.11)
Performing rescaling √
ωλ+ = λ˜+ ,
√
ωλ− = λ˜− (3.12)
and introducing N τ = N
2
√
ωT
we can rewrite the Hamiltonian density into the form
H = N τHτ +NσHσ ,
(3.13)
where
Hτ = πµGˆµνπν + TπµGˆµy(λ˜+Y+ + λ˜−Y−) +
+
T 2
4
(λ˜+Y+ + λ˜−Y−)Gˆyy(λ˜+Y+ + λ˜−Y−)− T 2λ˜+∂σyY+ + T 2λ˜−∂σyY− + T 2λ˜+λ˜− +
+T 2∂σx
µGˆµν∂σx
ν , Hσ = pµ∂σxµ .
(3.14)
Now we are ready to proceed to T-duality transformation that, according to the general
discussion presented in previous section, is given by following transformations
py = −T∂σ y˜ , py˜ = −T∂σy (3.15)
so that
πy = −T∂σ y˜ + TBˆyi∂σxi = −TV , πi = ki − Bˆiypy˜ . (3.16)
Inserting this result into (3.14) we obtain T-dual Hamiltonian constraint in the form
HTτ = Hτ (py = −T∂σ y˜, ∂σy = −T−1py˜) =
= (ki − Bˆiypy˜)Gˆij(kj − Bˆjypy˜)− 2T (ki − Bˆiypy˜)GˆiyV + T 2V2Gˆyy +
+T (ki − Bˆiypy˜)Gˆiy(λ˜+Y+ + λ˜−Y−)− T 2VGˆyy(λ˜+Y+ + λ˜−Y−) +
+
T 2
4
(λ˜+Y+ + λ˜−Y−)Gˆyy(λ˜+Y+ + λ˜−Y−) + T λ˜+py˜Y
+ − T λ˜−py˜Y− + T 2λ˜+λ˜− +
+T 2∂σx
iGˆij∂σx
j − 2T∂σxiGˆiypy˜ + py˜Gˆyypy˜ .
(3.17)
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As the next step we derive corresponding Lagrangian density. With the help of Hamiltonian
HT =
∫
dσ(N τHTτ +HTσ ) we obtain following equations of motion
Xi = 2N τ Gˆij(kj − Bˆjypy˜)− 2N τTGˆiyV + TN τ Gˆiy(λ˜+Y+ + λ˜−Y−) ,
Y = −BˆiyXi +N τT (λ˜+Y+ − λ˜−Y−)− 2TN τ∂σxiGˆiy + 2N τ Gˆyypy˜ ,
(3.18)
where
Xi = ∂τx
i −Nσ∂σxi , Y = ∂τ y˜ −Nσ∂σ y˜ . (3.19)
Now we see that we can express py˜ from the last expression as
py˜ =
1
2N τ Gˆyy
(Y + BˆiyX
i −N τT (λ˜+Y+ − λ˜−Y−) + 2TN τ∂σxiGˆiy) . (3.20)
To proceed further we have to introduce metric inverse to Gˆij . It is easy to see that it has
the form
G˜ij = Gˆij −
1
Gˆyy
GˆiyGˆyj (3.21)
that obeys
G˜ijGˆ
jk = δki , G˜ijGˆ
jy = − Gˆiy
Gˆyy
. (3.22)
Then we find
(ki − Bˆiypy˜) = 1
2N τ
G˜ij(X
j + 2N τTGˆjyV − TGˆjyN τ (λ˜+Y+ + λ˜−Y−)) (3.23)
and hence after some calculations we obtain T-dual Lagrangian density in the form
LT = pi∂τxi + py˜∂τ y˜ −N τHTτ −NσHTσ =
=
1
4N τ
(g′ττ − 2Nσg′τσ + (Nσ)2g′σσ)−N τT 2g′σσ − TBµν∂τ x˜µ∂σx˜ν +
+
T
2
N τ λ˜+(∇nxiY
+
Gˆyy
(Gˆiy − Bˆiy)−∇ny˜Y
+
Gˆyy
+ 2T∂σ y˜
Y+
Gˆyy
− 2T Y
+
Gˆyy
(Gˆiy − Bˆiy)∂σxi)
+
T
2
N τ λ˜−(∇nxi
Y−
Gˆyy
(Gˆiy + Bˆiy) +∇ny
Y−
Gˆyy
+ 2T∂σ y˜
Y−
Gˆyy
+ 2T∂σx
iY
−
Gˆyy
(Gˆiy + Bˆiy))−
−N τT 2λ˜+λ˜−(1 + 1
Gˆyy
Y+Y−) ,
(3.24)
where
g′αβ = G
′
µν∂αx˜
µ∂βx˜
ν , x˜µ ≡ (xi, y˜) (3.25)
and where
G′ij = Gˆij −
1
Gˆyy
GˆiyGˆyj +
1
Gˆyy
BˆiyBˆjy ,
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G′iy˜ =
Bˆiy
Gˆyy
, G′y˜j = −
Bˆyj
Gˆyy
, G′y˜y˜ =
1
Gˆyy
B′ij = Bij −
Gˆiy
Gˆyy
Bˆyj −
Bˆiy
Gˆyy
Gˆyj , B
′
iy˜ =
Gˆiy
Gˆyy
, B′y˜j = −
Gˆyj
Gˆyy
(3.26)
that are standard Buscher’s rules [1, 2]. However the crucial point of the T-dual Lagrangian
is an absence of the term proportional to λ˜+λ˜− since Y+Y− = −Gˆyy from definition. In
fact, let us introduce more compact notation
A′µ =
(
Y+
Gˆyy
(Gˆiy − Bˆiy),−Y
+
Gˆyy
)
, B′µ =
(
Y−
Gˆyy
(Gˆiy + Bˆiy),
Y−
Gˆyy
)
, (3.27)
so that the Lagrangian density can be written as
LT = 1
4N τ
(g′ττ − 2Nσg′τσ + (Nσ)2g′σσ)−N τT 2g′σσ − TBµν∂τ x˜µ∂σx˜ν +
+
T
2
N τ λ˜+(∇nx˜µAµ − 2T∂σx˜µAµ) + T
2
N τ λ˜−(∇nx˜µBµ + 2T∂σx˜µBµ) .
(3.28)
Now the equation of motion for λ˜+, λ˜− implies
∇nx˜µA′µ = 2T∂σx˜µA′µ , ∇nx˜µB′µ = −2T∂σx˜µB′µ . (3.29)
We can solve these equations as follow. We multiply the first equation with ∂σx˜
νB′ν and
the second one with ∂σx˜
νA′ν and sum so that we obtain
Nσ =
∂τ x˜
µMµν∂σx˜
ν
∂σx˜µMµν∂σx˜ν
, Mµν =
1
2
(A′µB
′
ν +B
′
µA
′
ν) ,
(3.30)
where explicitly we have
Mij = −
1
Gˆyy
(GˆiyGˆjy − BˆiyBˆjy) , Miy˜ = −
Gˆiy
Gˆyy
, My˜y˜ =
1
Gˆyy
.
(3.31)
Further, if we multiply two equations given in (3.29) together we obtain
N τ =
√− detMαβ
2Mσσ
, Mαβ = ∂αx˜
µMµν∂β x˜
ν (3.32)
and hence final Lagrangian density has the form of non-relativistic string action
LT = −T
2
√
− detMMαβg′αβ − TB′µν∂τ x˜µ∂σx˜ν ,
(3.33)
where Mαβ is matrix inverse to Mαβ so that M
αβMβγ = δ
α
β . This is very interesting
result that shows that T-dual of the string in the background with light-like isometry is
non-relativistic string in dual background. In the next section we will study this problem
for more general form of terms proportional to Lagrange multipliers.
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3.2 The case of non-zero Ai,Bi
Now we return to the case when Ai and Bi are not equal to zero. Recall that extended
Lagrangian density has the form
L = −T
2
N
√
ω[−∇nxiGˆij∇nxj +
1
ω
∂σx
i∂σx
jGˆij − 2∇nxiGˆiy∇ny +
2
ω
∂σx
iGˆiy∂σy −
−∇nyGˆyy∇ny + 1
ω
∂σyGˆyy∂σy + λ
+A+ λ−B+ λ+λ−]− TBˆµν∇nxµ∂σxν ,
(3.34)
where
A = ∇nxiAi +∇nyY+ −
1√
ω
[∂σx
iAi + ∂σyY
+] ,
B = ∇nxiBi +∇nyY− +
1√
ω
[∂σx
iBi + ∂σyY
−] .
(3.35)
In order to find relation with the original Lagrangian in the background with light-like
isometry let us solve the equations of motions λ+ and λ− and insert the results into (3.34).
Explicitly we find that the contribution is equal to
−AB = −[∇nxi∇nxjAiBj +∇nxi∇ny(AiY− +Y+Bi) +
+
2√
ω
∇nxi∂σxj(AiBj −AiBj) +
1√
ω
∇nxi∂σy(Y−Ai −Y+Bi) +
+∇ny∇nyY+Y− + 1√
ω
∇nY∂σxi(Y+Bi −Y−Ai)−
− 1
ω
(∂σx
i∂σx
jAiBj + ∂σx
i∂σy(AiY
− +BiY
+) + ∂σy∂σyY
+Y−)] .
(3.36)
First of all we demand that
Gˆyy +Y
+Y− = 0 (3.37)
that can be again solved as Y+ =
√
Gˆyy ,Y
− = −
√
Gˆyy. Further, since the mixed terms
∇ny∂σxj should be zero we have to demand that (since Y+ = −Y−)
Bi = −Ai . (3.38)
Then we obtain
−AB = −[∇nxi∇nxjAiBj + 2∇nxi∇nyAiY−
−∇ny∇nyY+Y+ − 1
ω
(∂σx
i∂σx
jAiBj + 2∂σx
i∂σyAiY
− + ∂σy∂σyY
+Y−)]
(3.39)
that implies following relation between components of original and hatted metrics and
NSNS two forms
Gˆij = Gij +AiAj , Gˆiy −Ai
√
Gˆyy = Giy , Bˆµν = Bµν . (3.40)
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For further purposes we introduce notation
A = ∇nxµAµ −
1√
ω
∂σx
µAµ , Aµ = (Ai,Y
+) ,
B = ∇nxµBµ + 1√
ω
∂σx
µBµ , Bµ = (Bi,Y
−) , xµ = (xi, y) .
(3.41)
Now we are ready to proceed to the Hamiltonian formulation of the Lagrangian density
(3.34) when we have following conjugate momenta
pµ = T
√
ωGˆµν∇nxν −
T
2
√
ω(λ+Aµ + λ
−Bµ)− TBˆµν∂σxν ,
pN ≈ 0 , pNσ ≈ 0 , pλ+ ≈ 0 , pλ− ≈ 0 .
(3.42)
Then performing the same analysis as in previous section we obtain Hamiltonian density
in the form
H = N τHτ +NσHσ , (3.43)
where
Hτ = πµGˆµνπν + T 2∂σxµGˆµν∂σxν + TπµGˆµν(λ˜+Aν + λ˜−Bν) +
+T 2∂σx
µ(λ˜−Bµ − λ˜+Aµ) +
T 2
4
(λ˜+Aµ + λ˜
−Aµ)Gˆ
µν(λ˜+Aν + λ˜
−Bν) + T
2λ˜+λ˜− .
(3.44)
Performing the same T-duality transformation as in previous section we obtain T-dual
Hamiltonian
HT = N τHTτ +NσHTσ , HTσ = pi∂σxi + py˜∂σ y˜ ,
HTτ = (ki − Bˆiypy˜)Gˆij(kj − Bˆjypy˜)− 2TVGˆyi(ki − Bˆiypy˜) + T 2V2Gˆyy +
+T (ki − Bˆiypy˜)Gˆiν(λ˜+Aν + λ˜−Bν)− T 2VGˆyν(λ˜+Aν + λ˜−Bν) +
+T 2∂σx
i(λ˜−Bi − λ˜+Ai)− Tpy˜(λ˜−By − λ˜+Ay) +
+T 2∂σx
iGˆij∂σx
j − 2Tpy˜Gˆyi∂σxi + p2y˜Gˆyy +
+
T 2
4
(λ˜+Aµ + λ˜
−Bµ)Gˆ
µν(λ˜+Aν + λ˜
−Bν) + T
2λ˜+λ˜− .
(3.45)
As the next step we again determine corresponding Lagrangian density using equations of
motion for xi, y˜. Since the analysis is completely the same as in previous section we write
the final result
LT = 1
4N τ
(g′ττ − 2Nσg′τσ + (Nσ)2g′σσ)−N τT 2g′σσ − TBµν∂τ x˜µ∂σx˜ν +
+
T
2
Nλ˜+(∇nx˜µA′µ − 2T∂σx˜µA′µ) +
T
2
Nλ˜−(∇nx˜µB′µ + 2T∂σx˜µB′µ) ,
(3.46)
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where
A′µ =
(
(
Gˆiy
Gˆyy
Ay −
Bˆiy
Gˆyy
Ay −Ai),−
Ay
Gˆyy
)
,
B′µ =
(
(
Gˆiy
Gˆyy
By +
Bˆiy
Gˆyy
By −Bi),
By
Gˆyy
)
,
(3.47)
and where g′µν was given in (3.25) and the background fields in (3.26). As the final step
we solve the equations of motion for λ˜+, λ˜− and we obtain final form of the Lagrangian
density for T-dual theory
LT = −T
2
√
− detMMαβg′αβ − TB′µν∂τ x˜µ∂σx˜ν , Mαβ = ∂αx˜µMµν∂βx˜ν ,
(3.48)
where
My˜y˜ =
1
Gˆyy
, Miy˜ = −
Gˆiy
Gˆyy
,
Mij = −
1
Gˆyy
(GˆiyGˆjy −BiyBjy)−AiAj +
Gˆiy
Gˆyy
Aj +
Gˆjy
Gˆyy
Ai .
(3.49)
We see that the presence of the more general form of Aµ,Bµ only affects the form of the
matrix Mµν . On the other hand since Ai are determined by the equation (3.40) and the
choice of the metric components Gˆiy we see that it is more convenient to consider minimal
case when Ai = 0.
Let us outline our results. We analyzed T-duality of relativistic string along light-like
isometry and we argued that T-dual theory has the form of non-relativistic string action
on T-dual background.
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